Abstract Let A be an Artin algebra. We investigate subalgebras of A with certain conditions and obtain some classes of algebras whose finitistic dimensions are finite.
Let A be an Artin algebra. Recall from [1] that the finitistic dimension of A, denoted by fin.dim A, is defined as fin.dim A = sup{pd A M | M ∈ A − mod, pd A M < ∞}.
The finitistic dimension conjecture claims that every Artin algebra has a finite finitistic dimension.
So far, only a few classes of algebras were known to have finite finitistic dimensions. For example, monomial algebras [3] , algebras where the cube of the radical is zero [4] , and the algebras given in [5, 6, 7, 8, 9, 10, 11, 12] . However, the finitistic dimension conjecture is still open and it is far from to be proven.
Let A be an Artin algebra, and 0 → A A → I 0 → I 1 → · · · be the minimal injective resolution of A. Nakayama conjectured in [13] that A is a self-injective algebra whenever all I j is projective. Up to now, Nakayama conjecture is still open.
It is well known that finitistic dimension conjecture implies Nakayama conjecture, and this motivated further research on finitistic dimension conjecture. We refer to [8, 9, 10, 11, 12, 14] for the background and some new progress about this conjecture.
According to Xi in [9] , the finitistic dimension conjecture is equivalent to the following statement: if B is a subalgebra of A such that rad B is a left ideal in A, then B has finite finitistic dimension whenever A has finite finitistic dimension.
In this paper, we investigate the finitistic dimensions of Artin algebras by using Igusa-Todorov function defined in [5] and obtain some classes of algebras with finite finitistic dimensions. The paper is arranged as follows. In Section 2 we collect some definitions and results needed for our research, and give a different proof for a well known fact (Theorem 2.5). In Section 3, we obtain some classes of algebras with finite finitistic dimensions, which gives a partly positive answer to the question 2 mentioned in [10] .
Throughout this paper, we always assume that A is an Artin algebra. We denote the global dimension of A by gl.dim A and the Jacobson radical of A by rad A.
For an A-module M, we denote by add M the full subcategory having as objects the direct sums of indecomposable summands of M, by Ω i M the ith syzygy of M. Then, P = add A A is the full subcategory consisting of all finitely generated projective A-modules, and I = add A DA is the full subcategory consisting of all finitely generated injective A-modules, where D : A − mod → A op − mod is the standard duality, and A op is the opposite algebra of A. Given two homomorphisms f : L−→M and g : M−→N, the composition of f and g is denoted by gf . We follow the standard terminology and notation used in the representation theory of algebras, see [15] and [16] .
An A-module V is called a generator − cogenerator if every indecomposable projective module and every indecomposable injective module is isomorphic to a summand of V . Recall from [18] that the number
is called the representation dimension of an Artin algebra A.
Lemma 2.1. Let M be an A-module and there is an exact sequence
The following two Lemmas proved in [18] and [9] will be used later.
Lemma 2.2. Let V be a generator-cogenerator of A-mod and n ≥ 3 an integer.
The following two statements are equivalent:
(1) For any X ∈ A-ind, there is an exact sequence
For any B-module X and integer i ≥ 2, there is a projective A-module Q and (
Let X be a full subcategory of A-mod. When we say that X is a full subcategory, we always mean that X is closed under direct summands. We denote by gen X (cogen X ) the full subcategory of A-mod generated (cogenerated) by X , see [17] and [16] . If X = {M}, we set X = M and denote gen X (cogen X ) by gen M (cogen M). If X contains only finite non-isomorphic indecomposable A-modules,
we call X is of finite type.
It has been shown in [20] that rep.dim A is at most 3 whenever gen DA is finite, then in this case, according to [5] , fin.dim A is finite. Now, we give a different proof for this result by using Igusa-Todorov function. We may assume that M 1 , · · · , M t are a complete list of pairwise non-isomorphic indecomposable A-modules in gen DA. Since the modules E, coker i lie in gen DA,
We denote by a = max{ t i + s i }. By Lemma 2.4, we know that
Ω(M i )) + 1, it follows that the finitistic dimension of A is finite. ✷
Main results
In this section, we investigate the finitistic dimensions of subalgebras of an Artin algebra with certain conditions and give some examples to show how our results are applied.
We replace the condition gl.dim A ≤ 1 of Theorem 3. 
where P 0 (1), P 0 (0) are projective A 0 -modules, P 1 (1), P 1 (0) are projective A 1 -modules, P 2 (1), P 2 (0) are projective A 2 -modules , · · · , P s−1 (1), P s−1 (0) are projective A s−1 -modules.
Thus we have the following long exact sequence
By ( * * ), we know that B-module
It follows from Lemma 2.2 and the inequality rep.dim A ≤ 3 that there exists a generator-cogenerator V for A−mod, such that for any A-module X, there is an
is an A-module and there is a short exact sequence
By the long exact sequence (1), we have
Thus fin.dim B is finite. ✷ When s = 2, we obtain the following consequence. Let B be the subalgebra of A given by the following quiver with relations:
Now we consider the subalgebra C of B, which is given by quiver and relations Then we have that fin. dim C < ∞ by Corollary 3.2. Proof. Suppose X is a B-module with finite projective dimension, by Lemma 2.3, there is an exact sequence of A-modules:
where A P is projective, and S is an A-module such that B S is semisimple. 
Thus fin.dim B is finite. ✷ 
